Let R be a principal ideal domain, X a set, and A the free associative algebra over R on the set X. Then A is a supplemented algebra over R, where the augmentation e A: A->R is the unique map of algebras extending x->0, #£X, given by the universal property of A. We denote Zi(A)=coker 7i&*: Ki(R)-^Ki(A) f where rj: R->A is the unit.
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THEOREM 1. 2!i(A)=0, or, equivalently, TJA*: KI(R)-*KI(A)
is an isomorphism.
We remark that Theorem 1 applies to the case R = Z, the ring of integers, or R = any field. Since TJA* is a monomorphism for functorial reasons (€A^A= 1: R-*R), the two assertions of Theorem 1 are seen to be equivalent. The proof is a standard exercise and will be omitted (see also [3] 
Since -4 is a finite sum of the terms indicated, we deduce that there is an r such that
This fact, and the commutativity of R, establish that Sft is nilpotent. for some integer r. Now V%1 is a submodule of a free jR-module V of finite rank fe, hence is free of rank ^fe. In fact, by passing to the quotient field of R, and using the fact that 9t r = 0, we see that rank Vyi is <k. Now by the theorem of elementary divisors (Bourbaki [2] The author does not know whether theorems more general than Theorems 1 and 2 are valid. To show that some restrictions on R are needed, let R be a commutative ring with a nilpotent element a(~R (e.g., R = Z4, the ring of integers mod 4, a = 2). Let X = {x}. Then the 1X1 matrix 1+ax is regular, but it is easily seen, by taking determinants, not to be in the image of 77* : K±(R)->K\ (R[x] ). Furthermore the ideal aR is a nilpotent subalgebra of 1 X1 matrices which cannot be put in niltriangular form.
